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Hypersonic Leading Edge Problem: Wedges and Cones
MICHAEL L. SHORENSTEIN*

MIT, Cambridge, Mass.

An analysis is given for the viscous hypersonic flow past slender sharp wedges and unyawed cones. The leading edge
or nose region treated encompasses the merged layer regime in which the shock thickness is not small in comparison
with the viscous layer thickness but for which in the axisymmetric case the shock thickness is small in comparison
with the radius of transverse shock curvature. A Navier-Stokes flow is assumed, and both the shock structure and
viscous layer are taken to be locally-similar of boundary-layer type. The analysis follows that used by Shorenstein and
Probstein for the corresponding flat plate problem. For axisymmetric cone flow, a modification of a transformation
introduced by Probstein and Elliott is given to reduce the axisymmetric viscous layer equations including transverse
curvature to "exactly" two-dimensional form. Results for the state conditions behind the shock, and the wall pressure
and heat-transfer rate are found to be in good agreement with available experimental data.

Nomenclature

A = velocity ratio, uf/U^
B = given by Eq. (15)
C — Chapman-Rubesin constant
Ci = given by Eq. (17a)
C2 = given by Eq. (17b)
cp = specific heat at constant pressure
D = reduced density, pjp^
/ = streamfunction given by Eq. (6)
CQb = reduced slip velocity, wj/u*
F = given by Eq. (35)
g = shear stress, Nfm
0(0) = value of g at body surface
h = specific enthalpy, cpT
H = total enthalpy
/ = given by Eq. (11)
j = index taken to be zero for two-dimensional flow and unity

for axisymmetric flow
L = arbitrary fixed reference length
MOO = freestream Mach number
n = normal coordinate for shock structure
N = given by Eq. (5)
p = static pressure
P = reduced pressure,p/p^U^
Pr = Prandtl number
2i(/) = given by Eq. (22)
Q2(j) = given by Eq. (23)
63(7) = given by Eq. (34)
r = radius of transverse curvature, rb + y* cos 9b
R = gas constant
Jte**,oo = local Reynolds number, p^U^x*!^^
St = Stanton number
T = static temperature
T0 = freestream stagnation temperature
u, u* = velocity component parallel to shock surface and to body

surface, respectively (see Fig. 1)
t/oo = freestream velocity
v, v* = velocity component normal to shock surface and to body

surface, respectively (see Fig. 1)
v = transformed normal velocity given by Eq. (2a)
V = reduced velocity, v/U^
W = reduced velocity, u/U^
x*, y* = coordinate along body surface and normal to body surface,

respectively (see Fig. 1)
x,y = transformed coordinates given by Eq. (2a)
a = inverse Reynolds number (poo^a/b/AO"1

J = specific heat ratio
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As = shock thickness
C = stretched normal coordinate for shock structure, Eq. (18)
Y\ = stretched normal coordinate for viscous layer, Eq. (6)
Yib = transformed location of the body surface for the case of slip
r\s = location of the shock surface
6b = body surface inclination angle with respect to the freestream
6S = shock surface inclination angle with respect to the body

surface
0 = reduced enthalpy given by Eq. (6)
ju = viscosity
JL = given by transformation Eq. (2b)
£ = transformed coordinate along body surface given by Eq. (6)
p = density
a(j) = cross section of streamtube incident to viscous layer
0 = reduced enthalpy given by Eq. (18)
Xoo = interaction parameter, M^(C/ReXi!tao)l/2

Subscripts
b = condition at the body surface
nsl — quantity obtained from no-slip solution
s = condition at the shock surface
si = quantity obtained from slip solution
77 = derivative with respect to r\
oo = condition at the freestream

I. Introduction

SEVERAL classes of continuum flow models have been
investigated recently for treating the hypersonic flow past

sharp bodies upstream of the strong interaction regime in the
merged layer where the shock thickness must be considered
finite in comparison with the viscous layer thickness. One
class1"3 applies the full Navier-Stokes equations in finite-
difference form in order to determine to what extent a continuum
may meaningfully describe the flowfield in the merged layer.
This complex scheme requires rather large computer storage
space.

Another class of merged layer models4"6 uses the Navier-
Stokes equations but assumes "local similarity" to apply in
both the viscous layer and shock wave, that is, streamwise
variations of all properties are taken to be sufficiently small,
so that the Navier-Stokes equations, when applied locally,
can be approximated by ordinary differential equations. This
description of the merged viscous shock layer is obtained from
locally-similar solutions "patched" at the interface between
the outer shock structure portion and the inner viscous layer
portion in which the equations are taken to be of boundary-
layer type with normal pressure gradient effects neglected.
Results in Ref. 6 from such a merged layer model for a flat
plate have compared well with experimental data.7"9 The
theoretical calculations have shown the relative importance of
several rarefaction effects over a cold sharp flat plate aligned
parallel to the hypersonic freestream. Dominant among these
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effects was shown to be the finite shear at the interface between
the back of the shock and the outer edge of the viscous layer.
The effect of including velocity slip and temperature jump at
the body surface was shown to be smaller but non-negligible,
while the effect of including longitudinal shock curvature was
found in comparison to be negligible.

The present analysis extends this flat plate continuum merged
layer model of Ref. 6 to wedge and axisymmetric conical flows
by investigating the additional effects of body slope and, for
conical flow, the effects of axial symmetry and transverse curva-
ture effects. Longitudinal shock curvature effects are neglected
as small based on the results of Ref. 6. Body slope effects are
characterized by the parameter 9b, where 9b is the half angle
of the wedge or unyawed cone. The analysis is extended only
to slender bodies with 9b « 1 for which the normal component
of the viscous layer velocity can be neglected compared to
the tangential component. This restriction is introduced in order
to solve the viscous layer problem by the method of Ref. 6.

In the axial symmetric case, a modification of a Mangier type
transformation given by Probstein and Elliott10 is introduced
to reduce the axisymmetric viscous layer equations to an
"exactly" two-dimensional form. The modification involves a
transformation applied to the viscosity coefficient, and this
transformation is shown to include the effects of transverse
curvature characterized by the parameter M^a. Here a is an
inverse Reynolds number based on the body radius rb of trans-
verse curvature, and M^ is the freestream Mach number. A new
term proportional to M^oe is found to modify the reduced viscous
layer momentum equation of Ref. 6 and is shown to account
for transverse curvature effects.

For the present investigation, two regimes of M^a are dis-
tinguished: I, a regime immediately adjacent to the sharp nose
where M^a ^ 1 and II, a regime downstream of the sharp nose
where M^a «. 1. Only the second regime is treated here. This
restriction is introduced to obtain a simple closed form shock
structure solution by a method analogous to Ref. 6. In the
conical shock structure equations, transverse shock curvature
terms are of order As/rs where As is the shock thickness and
rs is the radius of transverse shock curvature. It is found that
if M^ a <sc 1, then terms of order As/rs are negligible compared
to the other terms in the shock structure equations. These
equations can then be reduced to the form of the "zero-order"
shock equations solved in Ref. 6.

n. Viscous Layer

As in Ref. 6, the merged shock layer is described by a viscous
layer of boundary layer type patched at an outer interface (the
"shock surface") to a thick shock structure. The velocity and
state variables from the solution of the viscous layer equations
are matched locally at the shock surface to the corresponding
quantities from the solution of the shock structure equations.

The governing equations for the viscous layer written in the
local body-centered coordinate frame (x*, y*) depicted in Fig. 1
are

dy*
du* du*\

"(u*7& + *wr
: dh

&x*
dh\
fy*)"

dx*

*_^
dx*

(la)

du*\ ./* dr du* / 4 1 .
i JIT }+ -TTFT lb
dy*J r dy* dy*

— I——
~Pr\j)y*

dh\vJ
^ dc)

where j = 0 for two-dimensional flow and j = 1 for axisymmetric
flow, with r(x*, y*) = rb(x*) + y* cos 6b the local radius of trans-
verse curvature for the case of axisymmetric flow with 9b the body
slope relative to the freestream direction. The tangential and
normal components of velocity are u* and v*9 respectively (see

Fig. 1 Merged layer detail.

Fig. 1), h is the specific enthalpy, p is the pressure, ju is the viscosity,
and Pr is the Prandtl number taken to be a constant.

Probstein and Elliott10 introduced a generalized Mangier
transformation which reduced Eqs. (1) to an almost two-
dimensional form by applying the transformations
dx = (rb/L)2j dx*, d/dx* = (rb/L)2j d/dx + j(dy/dx*) d/dy
dy =
v = (rL/r2y v*

d/dy* = (r/Ly d/dy
j\_(L/rb)2 dy/dx*]u*

(2a)

where L is an arbitrary fixed reference length. By also introducing
the transformation

JJL = (1 + 2/L y cos OJr^n (2b)
Eq. (1) can be reduced "exactly" to two-dimensional form. This
follows from the fact that 9b and rb are functions of x only,
so that Eq. (1) when transformed by means of Eqs. (2) give the
homogeneous system

d(pu*)/dx + d(pv)/dy = 0 (3a)
p(u* du*/dx + v du*/dy) - dtp, du*/dy)/dy + dp/dx = 0 (3b)
p(u* dh/dx + v dh/dy) - (1/Pr) d(fl dh/dy)/dy - Ji(du*/dy)2

- u* dp/dx = 0 (3c)
which are "two-dimensional" in form. It must be pointed out,
however, that the parameter £, although having the dimensions
of a viscosity, is not a true state variable since it depends not
only upon temperature but also on the geometry of the system.
Still, Eqs. (3) can be interpreted as mathematically analogous
to the equations of two-dimensional flow. Furthermore, Eqs. (3)
can be solved by the method used in the viscous layer problem
of Ref. 6 if I; can be taken as small compared to u*. The present
work therefore extends the merged layer model of Ref. 6 only
to slender bodies (9b « 1) for which the viscous layer streamline
curvature dy*/dx* can be ignored and for which v* is negligibly
small compared to u*. For such bodies, by Eq. (2a), v <$c u*.

With the governing equations in two-dimensional form and
with v <c u*, the analysis can more directly parallel that of
Ref. 6. Following this reference, the viscous layer adjacent to
the body is assumed locally similar, and for a calorically perfect
gas with a Prandtl number of unity, Eqs. (3b) and (3c) then
reduce to

WU+//W = 0 (4a)
= 0 (4b)

N = pp,/pbp,b (5)
and where the dimensionless independent and dependent varia-
bles are

where

:\l/2 pdy; £(x)=
Jo Jo

dx

/(U)= -<ftj; &(r,) =

o

H-Hb

(6)

Here H is the total enthalpy in the barred system (with v « u*)
and the subscripts "s" and "fr" denote quantities at the shock
surface and body surface, respectively.
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Following Ref. 6, we first consider the problem neglecting
velocity slip and temperature jump at the body surface. With
the body temperature Tb constant, the boundary conditions are
then

C2 =

= / = 0, 0 = 0 at i/ =

/,= !, 0=1 at rj =
(7)

Consider now the energy equation (4b) which is satisfied by
the Crocco integral 0 = fn. From the definition of total enthalpy
(with v « u*)

T/Tb = (1 - fn) [1 + A2(TQ/Tb)fn-\ (8)
where

A(x) = i4/Ua, (9)

with t/oo the freestream velocity. For the hypersonic conditions
considered, the freestream stagnation temperature T0 is given
by T0 = U2J2cp.

Consider next the viscous layer momentum Eq. (4a). An
expression for N is sought so that Eq. (4a) can be expressed in
terms of the streamfunction f(r\) and its derivatives and in terms
of the local boundary conditions at the shock surface and the
body. As shown in Pan and Probstein,4 the normal pressure
gradient across the viscous layer is negligible when viscous layer
streamline curvature is negligible. Thus, by p — pRT, pb/p — T/Tb
so that from the definition of 77 [Eq. (6)] it follows from Eq. (8)
that at any given x

I(rl) (10)
where

-IVJo
A2(T0/Tb)fn-]dri (U)

Hence, from Eq. (10) and from the definition of Ji [Eq. (2)]
JJLln=\ + BI(n) (12)

where B is a function of the boundary conditions at v\ = 0 and
fl = i/.. Since N = (p/pJWJk) = (Tb/T)(Ji/»b) = •WT)(n/Mri
and if a viscosity-temperature relation of the form /x~T1/2 is
assumed, then by Eq. (12)

N = (Tj/r)1/2[l+-B/(fy)] (13)
To complete this expression for N, we now obtain B in terms

of the local boundary conditions at the shock surface and the
body. This is done by first applying local conservation of mass
flux across the shock and into the viscous layer by use of

fJo
dy = (14a)

where <r(/) is the cross section of the incident streamtube given
by

<r(0) = [1 + i(cot 9S - tan 9b)sm 20 Jtf/cos 6b (14b)
(j(l) = 7rr2 (14c)

Then, setting yf = x* tan 6S and from the definitions of x [Eq. (2)]
of £(x) [Eq. (6)], and of ju [Eq. (2b)], it can be shown that

B = {8;>b/3/̂  tan 0b[l + (tan 0,/tan 0b)]2} /fe)a (15)
Here a is the inverse Reynolds number (poo^a/fr/lO"1 based
on freestream conditions and the local radius rb(x*) of transverse
body curvature. From Eq. (15), B vanishes for two-dimensional
flow (/ = 0).

From the energy equation in the form of Eq. (8), from jn ~ T1/2,
and from Eqs. (13) and (15) which together relate the parameter N
to the streamfunction f(rj), to its derivatives, and to the local
boundary conditions on the viscous layer, the viscous layer
momentum Eq. (4a) now reduces to

(i •+€,/(!,)}/„ '
where

y- 1 Th\1/2

87 '——- ̂  /foJ/3 tan Ob[l + (tan 0s/tan0J2
1o/

(17b)
Equation (16) differs from the reduced viscous layer momentum
equation of Ref. 6 only by the appearance of the new term
C2/(*7). This term introduces the effects of transverse curvature
characterized by the parameter M^o, and it vanishes for the
case of two-dimensional flow. For the case of axial symmetric
flow, only the regime M^a « 1 is treated in this work. The
reason for this will be discussed in conjunction with the shock
structure analysis.

Now, if Ci and C2 were to be treated as parameters, then for
each value of (/^)& greater than the value which gives the boun-
dary-layer solution (r]s -> oo), a viscous layer solution would be
obtained with finite shear (proportional to Nfni) at the shock
surface r\ = rjs where fn = u*/uf = 1. The shock surface coor-
dinates x*, y* corresponding to r]s are determined by 1 Jem-
ploying Eq. (14a) which states that mass flux into the viscous
layer between the body and shock surface is conserved and
2) by matching the velocity w* and its gradient du*/dy* obtained
with finite shear at the outer edge of the viscous layer to the
respective quantities obtained at the inner edge of the shock
from the shock structure solution.

III. Shock Structure
To solve the shock structure equations, the following reduced

dimensionless variables are introduced:

V =
A*

P^P/p^U2^ D = p/Poo, ® = (h+iv2)/U2
x (18)

The dimensionless forms of the continuity and tangential mo-
mentum equations can then be written

(19a)
= o (i9b)

where As = (r^ - rjl denotes shock thickness. Equations (19)
differ from the "zero-order" shock transition equations of Ref. 6
only by the appearance of the transverse shock curvature para-
meter As/rs. If however M^a « 1, then As/rs « 1 and a simple
closed form solution to Eqs. (19) can be readily obtained ana-
logous to the "zero-order" shock solution in Ref. 6. In the present
model, M^a <sc 1 is satisfied and transverse shock curvature
terms are neglected as small in the shock structure equations.
Equations (19) then become

DSVS = D^ (20a)
d2W/d£2 - DsVJ@W/dfi= 0 (20b)

and in similar manner the normal momentum equation and the
energy equation for the shock structure become

= 0 (20c)

- w - (20d)

The shock structure is taken to extend from the outer edge of
the viscous layer f = 0 to the freestream £-» oo. At the shock
surface, the shock structure flow variables and their normal gra-
gradients are required to match the corresponding viscous layer
values at r\ — ̂  as given by the solution to Eq. (16).

Following Ref. 6, we now illustrate this matching procedure
at the shock surface for the case of the finite tangential shear
stress ns(du*/dy*)s. In terms of viscous layer variables, this stress
may be written

^(d^/dy^l = Q1(j)Q2(j)p^U2
QOA(Nf^/2J)s (21)

where
[1 + |(cot 6S - tan eb)sin20S] (tan OJcos'OJ
[l + (tan0s/tan06)]2(3I/2x*)

(17a)

for; = 0
for 7 = 1

(22)
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62(7') =
sin 0b(j + tan 0s/tan 9b)(x*/L) \j

(23)
1 +. 2(tan 0s/tan 0b) [1 + (tan 0s/2 tan 0fc)] J

On the other hand, at the inner edge of the shock, the shear is
^̂  \ _ _ 0 | vy r r \ l vii. \ l vn \ ,.,.,, | v / r r | /O/l\

with the subscript "s" here denoting conditions at f . = 0. Equat-
ing Eq. (21) to Eq. (24)

(^WId^s = Q,(j)Q2(j)A(Njnnl2f)s (25)
This matching of viscous layer solution to shock structure

solution at the shock surface is shown next for the case of the
shock surface velocity u* . First, recognizing from Fig. 1 that at
the freestream W^ = cos (0S + 6b) and V^ = - sin (9S + 0b), and
and at the shock surface Ws = (u*/ UJ(us/u *) = Acos0s, the
tangential momentum Eq. (20b) is integrated once with the
result

= [cos (0S +Ob)-A cos 0J sin (6S + Ob). (26)
Substituting Eq. (26) into Eq. (25) and solving for the reduced
velocity A at the shock surface

- = I l 2 (27)
Un cos(0s + 9b) sm[2(0s + 9bJ]\ 2f JJ

For the case of flat plate flow; = 0 and 9b = 0, Eq. (27) reduces to
the result of Ref. 6.

The shock angle in terms of the density and pressure behind
the shock is obtained next by integrating the normal momentum
Eq. (20c) once and applying freestream boundary conditions,
neglecting the gradient term (dV/d£)s as small compared to Vs
(see Ref. 5) and eliminating Vs by means of Eq. (20a). The result is

sin2 (0S + 9b) = DS(PS - 1/yAf i)/(l>. - 1) (28)
In order to obtain the density ratio across the shock, another

expression for sin2 (0S + 9b) is found. .Integrating the tangential
momentum equation (20b) twice to obtain the velocity profile
W(Q, substituting this profile into the energy Eq. (20d) and inte-
grating twice, the reduced enthalpy <E>S is obtained. Finally,
substituting Vs from Eq. (20a) and <DS into the reduced equation
pf state ps==[(7_i)/27]/)s(2^-F2) (29)
and equating the resulting expression for sin2(0s + 9b) to Eq. (28),
the density ratio is

Poo P, + [1 - A COS 0S/COS(0S + 9b)

(30)
The reduced pressure Ps[f7s(x)] at the shock surface has, as

stated before in conjunction with Eq. (10), been assumed equal
to the reduced pressure Pb(x) on the body at the same value of
x. From Eq. (10) written in the form

ys — [(2£)1/2 Tb/(psuf 7^)] I(rjs) (31)
and from the definition of 3; [Eq. (2a)] written in the form

Vs = [fa + y* cos 0&)/Lp>* = [fa + rj x*
Jo

(32)
we have upon elimination of ys and the use of Eq. (14)

Ps = Pb = Pb/Poo Ul = fiiG) fisO') [(? - l)/2y] (F/A) (33)
where

for; = 0
63(7) =) (34)

fo . = 1
J^ 3[2 + (tan 0s/tan 0b)] (tan 0s/tan Ob)

and where
F = TbIM/T0f(r,s) (35)

Therefore, if from Eq. (16) a streamfunction f(rj) and its deriva-
tives were to be known at rj = ?/s, the relations (27), (28), (30) and
(33) would form a closed system of four equations in the four
unknowns 4, 0S, Ds, and Ps. ' . '

IV. Method of Calculation
The model as formulated imposes the following restrictions on

the input gas and body properties: M^ sufficiently large such that
cpT0 •« U^/2, Tft/T0 « 1, 7 = constant, Pr =1, and 9b « 1.

The solution for the viscous layer streamfunction/fy) and for
the various flow properties of interest proceeds by first trans-
forming Eq. (16) to the following set of first-order differential
equations as in Ref. 6:
/, = J, J, = Z1/2(l + C2/)-^, gn =-Z1/2(l + C2I)-lfg (36)
where

The no-slip boundary conditions
/(O) = J(0) = /(O) = 0 at ^7 = 0

J(rjs)= 1 at ri = n»
(38)

are then imposed. Now, for values of the wall shear 0(0) = (/^
greater than the value which gives an inviscid flow region at the
outer edge of a boundary layer (i/s-> oo), a velocity profile with
finite shear g(rjs) = (N/w)s at the shock surface can be obtained
for each station along the body within the merged layer. At each
such value of 0(0), the no-slip boundary conditions are fully
specified. Beginning then at v\ = 0 with a value 0(0) = [0(0)]̂  ̂
only slightly larger than the value [0(0)]̂  ^^ which gives the
boundary-layer solution (f/s-> oo), Eqs. (36) and (37) are simul-
taneously integrated out from the body surface to the shock
surface for fixed local values of C1 and G2.The initial guesses
for these parameters are obtained from the boundary-layer limit
rjs -> oo with 0j guessed to be 0S = 9Sinv where 9s.nv = 9Sinv(y,M(X),
9bJ) is the in viscid shock layer value for wedges and cones given
in Ref. 12. As shown in the Appendix
ei ln>oo = (To/Tb) [cos (0Sinv + 0fc)/cos 0Sinv ]2 (39)

:C2|,Ioo-0 l"V (40)
The numerical integration of Eqs. (36) and (37) is stopped at the
first point rj reached within the viscous layer where J —fn =
u*/uf ^ 1. The coordinate r\s is the finite value of r\ at this point,
and the resulting finite values of/(f/s),"0(r/s),_and I(rfs) are used to
compute A and F in approximate form from [see Eq. (27)]

~A = cos ( (41)sin 2(0Sinv + i
and the relation given by Eq. (35). These results are then used to
provide a better value of 0S from Eqs. (28, 30, and 33). Better
values for the local parameters Cx and C2 are next obtained from
the relations (see Appendix)

• " T0f cos0s p 2fi1(/)e2(/)

j [2 + (tan 0,/tan gt)] (tan 0,/tan 0t) ,
^2 ~~ r/ \ s/ \ \*^'i(ns)f(ns)

and beginning again at 77 = 0 with 0(0) = [0(0)]^«,, Eqs. (36)
and (37) are reintegrated from the body to the shock surface
rj = r\s. When after such successive iterations the results at the
shock surface from one cycle agree sufficiently with those values
from the previous cycle, the local no-slip viscous layer solution
is available. The effects of small local velocity slip and tempera-
ture jump are then computed as local perturbations from the
no-slip results. The method for obtaining the local slip solution
is entirely analogous to that given in Ref. 6 except that Eqs. (39)
and (40) of that reference are replaced by

1/2

~,f "p
4JnslrnslJri = ris

[_(fnsl)w]n = 0

^
si = • + J

(44)

(45)

and the rarefraction parameter [Eq. (35) of Ref. 6] is replaced by
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Fig. 2 Density ratio across the shock structure for a wedge.

The final results at 0(0) = [^(O)]*^ constitute the local
solution at the downstream end of the merged layer. The final
values there for Cr and C2 become the initial guesses for these
parameters at the adjacent station a small distance upstream.
The viscous layer equations are integrated here from Y\ = 0 with
0(0) = [0(0)]i£-*oo+ A#(0), where A0(0) is a small increment in
the surface shear 0(0), Through this step wise upstream marching
method, with successive iteration cycles at each step, the velocity
and state variables are computed at several stations x* within the
merged layer regime. The computation is stopped at the upstream
end when the condition M^a « 1 or the condition (f^b << 1
is no longer satisfied If the computation is carried to stations x*
farther upstream, the present model breaks down as the calcu-
lated values of pjp^ become less than unity. This occurs at
values of the rarefaction parameter M^C/Re^ >00)1/2 of the order
of unity.

VI. Results and Discussion

Computations have been carried out iri the manner indicated
in the previous section. The cases cover the range 20 ̂  M^ ^25,
0.06 ̂  Tb/T0 ^ 0.15 and 0° <; 9b ̂  20°. Based on the parameters
of the analysis, empirical correlation formulas may be used to
represent the numerical results with an accuracy of 5%. The
correlations obtained for wedges are

XJ1+ |(cot 0S - tan Ob) sin 20J

J&/2[1 + ?(cot0s - tan0b)sin20j

where the modified rarefraction parameter

= 0.022- 0.921 Iog10/?w,

Pw < 1
- = 0.001- 0.037 Iog100w,

0W< 1

(47)

(48)

————:———— (49)
0S - tan 06)sin 20J

reduces for 9b = 0 to the flat plate parameter given in Ref. 6. The
correlations obtained for cones are

loglo(Pb/sin2 9b) = 0.23 [0.96 + 0.65 tanh (loglo& - 2.1)]
ft < 103 (50)

log]0L
boo

= 0.36[1.1 - 0.sin 0 J L—— - ———
+ tan 0s/tan 9b)2 sin 0

(loglo)5c - 2.6)],

0.92 tanh

SYMBOL

•
*.b
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SOURCE
McCROSKEY, BOGDONOFF
& GENCHI
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10°

Fig. 3 Density ratio across the shock structure for a cone.

where
(MiC/Rex*fao sin4 9b) (52)

is a modified rarefaction parameter proportional to the square
of the usual conical correlation parameter M^^/Re^sin^.

In Fig. 2, the density at the shock surface for a 8° wedge is
compared with measured values obtained by McCroskey,
Bogdonoff, and Genchi.14 Considering the scatter in the data,
the agreement with theory would appear to be good. The theo-
retical shock density ratio for a 10° cone is shown compared
with the data in Fig. 3. In contrast with a wedge having the same
flow conditions and comparable angle Ob, the shock at the same
distance x* from the leading edge is weaker on the cone. This is
due to the circumferential spreading of the flow* around the cone,
bringing the shock wave closer to the body surface and causing
the merged layer to extend farther downstream than on the
wedge.

Figure 4 presents the wedge surface pressures given by Vidal
and Bartz9 in comparison with the theory for several values of
9b. The strong interaction and free molecule limits given by
Hayes and Probstein13 are also shown. Both the present theory
and the data lie below the result predicted by strong interaction
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(51) Fig. 4 Wall pressure on wedges.
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Fig. 5 Wall pressure on cones.

theory. This is also seen to be true for sharp cones as shown in
Fig. 5 where the cone surface pressure by the present theory and
by the strong interaction theory of Mirels and Ellinwood19 are
compared to the experimental data in the form presented by
Waldron17 and % Holland and Glick.18

On Fig. 6, the experimental heat-transfer data obtained by
Vidal and Bartz9 on wedges is compared with the theory, and
the agreement appears to be quite good. The theoretical result
for cones is given in Fig. 7 compared to experiment in the form
presented by Waldron.17

In view of the reasonable agreement of experimental data with
the theory it would appear that the present continuum merged
layer model is a satisfactory one up to rarefaction parameters
M00(C/KeJC*>00)1/2 ~ 1. This limit would correspond to distances
back from the leading edge of the order of M^ mean free paths.

Appendix: The Parameters C1 and C2

By Eq. (27), the parameter C1 is

• _ A2T<> __ Tol cos°s
11 ~ Tb~

(Al)_ _______
Tb\cos(6s + 9b) ̂  sin[2(0s + ,

To find C2, an expression for the parameter M^a is first re-
quired. To obtain this, we eliminate £ between Eqs. (6) and (14)
for the case of j = l and note that p^p^ = yM^Ps2TQ/
(y - 1) Tb

1/2 from p ~ T1/2 and the equation of state, with the
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Fig. 7 Heat-transfer rate on cones.

3 cos 6b (tan Os + tan 0b) [1 + (tan ejtan 0j,)]2
result

(A2)
Using Eqs. (22 and 33-35) to eliminate Ps, we obtain then

C2 = [2 + (tan 0,/tan 0;)] (tan 9s/tan Qb)/I(n^f(ns} (A3)
from Eq. (lib).

In the boundary-layer limit */s -* oo and g(qs) ->• 0, we find that
since fn ~ 1 when YI ~ qs

> oo (A4)

L^oo W [ f ̂  (1 -#(1 + C1fn)drj]\n^ao = finite (A5)
• , Jo

so that taking 0S = 0^, Eqs. (Al) and (A3) yield

Uoo = (TQ/Tb) [cos (0^ + 0ft)/cos 0Sin J2

C a c o = 6

(A6)
-(AT)

Fig. 6 Heat-transfer rate on wedges.

Here 0Stny(y9M^9ObJ) is the inviscid shock layer value for 0S
obtained from Ref. 12.
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Jet Impingement under VTOL Aircraft
THOMAS M. HOULIHAN* AND CHARLES D. THOMPSON!

Naval Postgraduate School, Montery, Calif.

A previous analytical solution for the flowfield beneath a VTOL model was extended to include tilted jet configura-
tions. Additionally, a laboratory model was constructed to test the effects of variation hi the parameters governing
the flow. Free streamline profiles, pressure coefficients on the "ground" and "fuselage" of the apparatus and velocity
profiles in the nozzles were determined from hot wire anemometer traverses of the flowfield. Experimental data
compared favorably with theoretical determinations over the flow regions tested.

Nomenclature

Cp = pressure coefficient
K = complete elliptic integral of the first kind
K = defined by K(k) = K(k')
k = modulus of elliptic integral
k' = defined as (1 - k2)112

Re = Reynolds number, A V0/v
T = complex variable in T-plane, £ + ir\
Vj = velocity at nozzle exit
Fj = average velocity at nozzle exit
V0 = velocity along free streamlines
W = complex potential, O + W
x,y = coordinates in physical plane
z = complex variable, jc + iy
a = tilt angle of nozzle
/? = plate angle
F = flow region in the T-plane
A = width of nozzle
^L> <>R = asymptotic widths of streams flowing to left and to right
£ = complex conjugate velocity, u — iv
6 = theta-function
£, YI = coordinates of T-plane
p = density
O = velocity potential
¥ = stream function
Subscripts
A,G,H= refer to stagnation points
F = refers to point on fuselage plate
r = refers to boundary point

Introduction

IN recent years, crowded airport facilities, the search for rapid
urban transportation, and the need for military aircraft capable
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of operating from advanced bases, have resulted in a great deal
of attention being given to VTOL aircraft. Much research has
been performed on various models and full-scale versions of
these aircraft. Some operational types have been developed.

When operating near the ground, these aircraft are quite similar
in principle to ground effect machines. Ground effect can be
either beneficial or detrimental, depending upon the configura-
tion of the aircraft. Land erosion, damage to objects near the
operating area, and recirculation of debris and hot exhaust gases
beneath the fuselage are some of the problems involved with
hovering near the ground. The reingestion of exhaust gases
reduces the efficiency of the engines. Recirculating debris may
also enter the engines or severely damage the underside of the
aircraft. Some pilots have experienced handling difficulties,
drastic loss of power, and visibility problems, as a result of ground
effect.

The recirculating flow underneath the aircraft, however, can
also produce a lifting force which can significantly reduce the
thrust necessary to operate the aircraft. Small modifications to
the aircraft, such as tilting of engines, can often reduce the un-
favorable effects to such an extent that the additional lift pro-
vided by the recirculating flow can produce improved perform-
ance. In order to estimate the effects of various modifications, a
mathematical model of the flowfield beneath VTOL aircraft,
incorporating the elements of free streamline theory, was devel-
oped. Verification of the primary conclusions of this analysis,
together with an investigation of the range of its applicability,
is the subject of the following work.

Theoretical Analysis
A theoretical solution to the flowfield beneath a VTOL air-

craft was obtained by Goldstein and Siegel.1 Their determi-
nations for a two-dimensional model of an aircraft with a slot-
jet nozzle exhaust in each wing featured a steady, incompressible,
inviscid fluid flow. A flat plate at an angle to the vertical repre-
sented the "fuselage" in the configuration shown in Fig. 1 and
the nozzles were assumed to always be perpendicular to the


